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A general framework for kinetic theory

e Statistical description: distribution f(t, x, v) of particles at time t,

position x, velocity v;

e dynamics of f driven by an evolution equation
Of + TFf=1Lf,

e operator T represents transport of particles (non-dissipating);

e operator L represents collisions between particles (dissipating).



Fundamental example

The Vlasov-Poisson system; L = 0 and
Tf=v-Vyf=V,0 -Vif with —Ap=p—1 and p = /fdv.

Main question: Long time behavior of the model. Why is it difficult:
e co-many equilibrium states;

e field interactions — non-linear equation.

Landau damping: non-linear stability for a class of equilibriums!2:3.

Application:
Plasma physics
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Macroscopic limits: from kinetic theory to fluid dynamics

Example: limit ¢ — 0 for the Vlasov-Fokker-Planck model
1
€O+ TF = —Lf°,
€
with Tf¢ = v-V f€and Lf* =V, [vf® + V,f] which verifies

1 _ap

M(v) =
Lf =0 < f(t,x,v) = p(t,x)M(v), where I

P = / fedv.
JRA
Hilbert expansion: ¢ = fo+ef; + €2 fo + O(€3)

Lo =0 = fi(t,x,v) = po(t,x) M(v),
ThH =L#A
defo + TH = L

We deduce f¢ —>O po M, with O:pg — Axpo = 0
€E—r

= Otpo — Dxpo = 0.



The question at hand

e Consider the Vlasov-Poisson-Fokker-Planck model

1
('atfe“‘V-VXfE — vxqse'vvfé = — vv‘[\/fE +va6]7
€

field interactions collisions

=Dy 9 = p"—pi, pe:/ fedv.
Rd

o ¢(t,x,v): density of particles at time t, position x, velocity v.

Possible dynamics: e Gaussian velocity distribution:
1 1, .
. M) = e (<3
Fe(t %, v) TS () M(v) A

e p(t, x) solves

e—0 t — 400 Oep=Vy-[pViop+ Vip],

p(t, x) M(v) —Bxp=p—pi.



Contributions

o Case of a given electric field ¢ and (x,v) € T xR
€0 FS+ v O F — DD, FS = 2, [vF + 8,F] .
E

and
Ocp = Ox [pOx¢ + Oxp] -
We design discrete approximations (£, p") of (f€, p) such that

Theorem (with F. Filbet, 22°)

n

n T2
f,,h—p:/\/lH < e(1+rA1)"% 4+ <1+ 2%) : (1)




From key estimate to functional space

Dissipation of the L?-norm
EIyNES
v \/EOCM

2
dxMdv

dxMdv = —%/
€

i/ [ o

— Functional space :

€

e Spectral decomp. in Hermite basis (Hx),cy of L2 (M dv)

€ L2 (dx M(v)dv) .

f'E
(t,x,v) D (t, x) Hi(v
ol Z .

e No weight with respect to dx so

D € L? (dx) .



Hermite decomposition

Vlasov-Fokker-Planck equation on D¢ = (Df), .\

1
€8;D° + TD® = —= L D",
€

(TD), = VkAD{_; — Vk+1A*Di,,, and (LD), = kDf,

with Au = deu + %2 u. Equilibrium is Dok = /P, dk=0 and
macroscopic equatlon reads

9:D+NT?D =0, with (MD), = Dy6xo-
and the L2 estimate rewrites

Dissipation of the L?>-norm in Hermite basis

d A D 2 €2
S 10°= Dl = =5 > K 10511 -
keN*



Discrete framework

Fully discrete scheme

. D+l — pr 4 Thprtl — 1 Lh prt
At € ’

Th,L" discrete versions of T and L which verify

Properties Preservation ‘

(Th)" = ~T"and (L") = L" duality structure ‘
ThDy = L"Dyy =0 equilibrium state ‘
/Thuh = /Lhuh =0, Vu" invariants ‘
lullz < CqllAnu®||.2 macroscopic coercivity ‘




Hypocoercivity

We go back to the L? estimate

Dn+1 o Doc 2 o ||Dn _ Doo||2 2
H HLZAt L2 < -5 H(l - (Dn+1 _ DOC)HiZ 7

A Lack of coercivity*

n 2 n 2
107 = Daclfiz £ [ =) (O™ = Do) |2
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llluminating example

Consider ¢ = (x“(t),y*(¢))", T = <(1) —01) - <8 _01>

d € 1 €
Sxe=_2y
d 1
eSFe T = 2if e U ‘
dt € d . 1. 1.
at” P 2’
e Relative entropy estimate:
Ao D e 2y
= t t = == t .
= (E@P + <o) = =5y ()

o Modified entropy: H(f€) = [x°|* + |y*|* — e x® y°
d 2 € € 1 € €
M) = =S+ a (L OF - P + Ix ).

We deduce LH(f€) = —xH(F¢) and |x(£)|* + |y“(t)]* S e "t



Discrete hypocoercivity

Define a modified entropy functional
Hy = ||D" — Doo|?2 + e (DI, Apufl) .
where u} solves the elliptic problem
(AhAn)up = Dg — Deo o,

ZAXJUJ\/ﬁooJ = 0’

JjeT
Macroscopic coercivity — we recover
ID" = Doollfz S Hg S I1D" = Dosllz

Mot —Hg 2

o S —5(—a) | =MD, — aln (0™ - D)l -



Numerical experiments




We take At = 1073, 200 Hermite modes, 64 points in space and
¢(x) = 0.1 cos (27 x) + 0.9 cos (47 x) .
First Test: ¢ = 1 and
fo(x,v) = (1+ 0.5cos (27 x)) exp (—|v|?/2) /V2r,
Second Test: ¢ = 10~* and

fo(x,v) = (14 0.5cos (27 x)) exp (—|v — 1]*/2) /V2r.



Time evolution (log-scale): [ — foc||;2(r22y (blue), [[£ — pM|[ 222y
(red), [lp° = poclliz(p5) (pink)
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Second Test: ¢ = 10*

Time evolution in log scale of [ — p* M| 2(¢_1) (red), [|p° = poollj2(,22)
(pink), [lp° = pll;2(,z2) (blue points) and [|p — pooll;2(,22) (black)
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ps-pll We have proven that
0.01 o 1P -Poll e .,
. At T2
B n < 0 =
1031 < 12| (1+ 55 )
UL = +eC||D° — Deo| (1 + KAL),
and
1e-06 =
: 1D — D5 | < Ce||D® — Do (1 + 2AE)F
1e-08 3 and
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e derive the VPFP model as the mean-field limit of a particle system
uniformly in the fluid limit®;

e quantitative numerical results for the non-linear model in a perturbative
setting;

e quantitative long-time behavior of the non-linear model in
non-perturbative setting;

e including collision operators closer to physics (ex: Landau®)
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